In this paper, we investigate the number of spanning trees in planar graphs with two cut vertices. We propose a combinatorial approach based on the contraction method, in order to derive spanning trees recursions for this class of graphs. Applications on different graphs showed the efficiency and the simplicity of our recursive approach in comparison with the classic matrix tree theorem.
Introduction
The problem of finding the number of spanning trees in a given graph is one of the best studied problems in the area of graph theory and combinatorics since its appearance. Being an important invariant, this number also arises in practical issues. For example, the number of spanning trees is used to design of electrical circuits and to estimate the reliability of a network, etc [2] , [4] .
The main key of this work is the complexity of a graph G which is its number of spanning trees and it is denoted by τ (G). We call a spanning tree of G the subgraph of G that contains all the vertices and some or perhaps all the edges [9] . The first method that counts the number of spanning trees in an arbitrary graph G was proposed by Kirchhoff [6] who states that the number of spanning trees of a given graph is defined by the determinant of a specific matrix. For a given graph G, A G is its adjacency matrix (a binary matrix a ij = 1 if i and j are adjacent and 0 otherwise) and D G is its degree matrix (a diagonal matrix with vertex degrees on the diagonal) then the number of spanning trees in G is the determinant of a submatrix obtained from the Laplacian matrix (L G = A G − D G ). The Kirchhoff Theorem is the generalization of Cayley's formula [3] that covers the family of complete graphs. Although, the determinant is easy to compute for a given number of vertices using the matrix tree theorem, it will be infeasible to calculate this determinant for large graphs. Moreover, the theorem cannot produce recursive functions that gives the number of spanning trees. Wherefore, many works have conceived techniques to derive spanning trees recursions for some classes of graphs. Haghighi and Bibak [5] derived spanning trees recursions for the fan and the wheel graphs, Atajan, Yong and Inaba [1] proposed an approach for counting the number of spanning trees in circulant and related graphs. In [7] , the authors investigated the number of spanning trees in the star flower planar graph. All these works showed appealing results in terms of spanning trees computation, however, they all share a common shortcoming which is the restriction to a very specific case of graphs. In this paper, we investigate the number of spanning trees for a large family of graphs, namely, the graphs with two cut vertices (the so called a separation pair). This class offers more genericity, since it covers various graphs.
In this paper, we propose a combinatorial approach based on the contraction method. This latter provides the derivation of recursive functions counting the number of spanning trees in graphs with two cut vertices. Before starting, we present the contraction method and we focus on finding the number of spanning trees in contracted graphs. these latter intervene in counting the complexity of graphs with two cut vertices. Finally, making use our results, we investigate the number of spanning trees in the tree graph, the cycle graph and the mesh graph with a separation pair.
Spanning trees in contracted graphs
The contraction method was widely used to derive spanning trees recursions for multiple classes of graphs such us the Fan, the Wheel and the Star graphs [5] , [7] . This method belongs to the "divide and conquer" techniques. In this context, it simplifies the enumeration of spanning trees in several classes of graphs.
Let G be a planar graph that contains at least three vertices. The contraction of a separation pair {u, v} in G is the result of removing the vertex v from G and then connecting the adjacent vertices of v to the vertex u. We denote the contraction of u or v by G.uv. This latter is called the contracted graph. Fig. 1 illustrates the contraction of a separation pair {u, v} in G. [10] point out the relation between the Laplacian matrix L G [i, j] and the distance d G (u i , v j ) when G is a tree. We propose another very simple combinatorial proof of their result and also suggest way of counting the number of spanning trees in the contracted graph G.uv when there exists an unique path between u and v. Furthermore, we give the complexity of G.uv when there exists multiple paths between u and v. The next step is to consider a graph G composed of n subgraphs and count the complexity of the contracted graph G.uv. Our Last result in this section is the use of the matrix tree theorem for the contracted graph G.uv.
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Lemma 2.1 Let T be a tree that has at least three vertices and {u, v} a separation pair of T (See Fig. 3). The number of spanning trees in T.uv is given by
where Proof. Let {u, v} be a separation pair of a tree T . When we contract the two vertices u and v, we obtain a cycle. This latter is the result of deleting the edges between the vertices b and v and then connecting b to u. The other incident edges of v will be the ones of u (see Fig.2 ). Therefore, the number of spanning trees in T.uv is the number of spanning trees of a cycle C that connects u to v which is the distance between u and v in T . Fig. 4 ) then the number of spanning trees in G.uv is given by 4 , we obtain a cycle between the vertex u and the vertex x k and the interconnections between the other vertices do not change except for the vertex u. In the resulting graph, the incident edges of v will be the ones of u. The complexity of the components that are connected to the path P u,v by an articulation point is the product of their complexities [8] . G.uv has two components, the cycle C and the graph G and we know that the complexity of a cycle that connects u to v is defined by its length, then 
Lemma 2.2 Let G be a planar graph that contains at least three distinct vertices among them u and v. At distance d G (u, v) if there exists an unique path P u,v that crosses the vertices and the edges once (see
C j are the planar graphs that line the path P j (u, v) and Proof. Let G be a planar graph. u and v two distinct vertices of G. If there exist n paths between u and v then the contraction of u and v produces a new planar graph that contains n cycles of length l i (u, v). All these cycles are connected by an articulation point u = v then their complexity is defined by the product of all the cycles complexities. Note that we do not apply any transformation to the other components C j that are connected to the path P j (u, v) by articulation points then the complexity of the resulting graph G.uv Fig. 6 (a) ) then the number of spanning trees in G.uv is given by the following formula
Theorem 2.4 Let
Proof. Let G be a planar graph and {u, v} a separation pair of G = C 1 : C 2 . The contraction of u and v give us a new graph G.uv with an articulation point u = v, then G.uv can be split into two new graphs C 1 .uv and C 2 .uv. Therefore, we have τ (G.uv) = τ (C 1 .uv) × τ (C 2 .uv). C 1 , C 2 , . .., C n through u and v (See Fig. 6(b) ) then
Corollary 2.5 Let {u, v} be a separation pair of a planar graph G, such that G can be split into n graphs
τ (G.uv) = n i=1 τ (C i .uv)(5)
Theorem 2.6 Let G be a planar graph that contains at least 3 vertices. u and v two distinct vertices of G, then the complexity of G.uv is given by
τ (G.uv) = det(L G [î,ĵ])(6)
Such that L G is the Laplacian matrix of G andî andĵ are the deleted rows and columns.
Proof. Let G be a planar graph, the number of spanning trees in G is given by τ (G) = (−1) i+j det(L G ) (we delete from the Laplacian matrix one row and one column i, j). After the contraction of two vertices u and v, we have to delete the two rows and the two columns corresponding to the vertices u and v respectively from the Laplacian matrix L G .
Remark.
If uv is an edge, then the complexity of G.uv is the number of spanning trees that contains the edge uv.
Spanning trees in graphs with a separation pair
The contraction method provides the enumeration of spanning trees in several classes of graphs which contain two cut vertices. In this section, we introduce the contraction method for a planar graph G which can be split into two subgraphs C 1 and C 2 and we propose our combinatorial approach based on the aforementioned method. Fig. 6 ), we denote G = C 1 : C 2 . The number of spanning trees in G is given by
Theorem 3.1 Let G be a planar graph with a separation pair {u, v}, G can be split into two subgraphs C 1 and C 2 (see
Theorem 3.2 Let G n be a planar graph with a separation pair {u, v}, G can be split into n subgraphs C 1 , C 2 , ..., C n (See Fig. 8 ). The number of spanning trees in G is given by the following formula
Proof. First case: Let G be a 2-connected planar graph with two components (see Fig. 6 ), from the Theorem 4, we have τ (
Case n: We suppose that the formula 9 is verified for n components. Case n+1: From the Theorem , we have
Corollary 3.3 Let G be a planar graph with a separation pair {u, v}. If G can be split into n graphs of type C, then the number of spanning trees in G is given by
Let T be a tree then τ (T ) = 1. From the Lemma 1, if the graph G is a tree then the complexity of G.uv is the distance between u and v.
Corollary 3.4 If G is by n trees of type T then the complexity of G is given by the following formula:
τ (G) = nd G (u, v) n−1 , n ≥ 2(10)
Applications
Tree graph with cut separation pair
A basic graph with a separation pair can be composed of n trees. Fig. 9 illustrates the tree graphs with different separation pairs {u, v}. In this family of graphs, the complexity is easy to compute. We choose the position of the vertices u and v then using the Lemma 1, we can find the number of spanning trees. Consider the trees t, t and t in Fig. 9 , we can construct a graph with one separation pair {u, v} from each tree. For example, we consider 3 trees of type t, we contract the same cut vertex of each tree with its corresponding cut vertex in the other tree, then we obtain a contracted graph T with 3 components and one separation pair {u, v} (see Fig.6 ). Fig. 9 ) with a separation pair {u, v} then
Lemma 4.1 Let G be a graph composed of n components of type t, t or t (see
X can be a tree with any position of the cut vertices u and v.
Lemma 4.2 Let G be a graph composed of n different trees X j and {u, v} is a separation pair of G. The number of spanning trees in G is given by
This Lemma surveys the tree case of the Theorem 3. It confirms that the complexity of the tree graphs depends on the distance between the cut vertices u and v.
Cycle graph with a separation pair
Let N be a graph composed of n cycles of length k, all these later are connected to the cut vertices u and v (see Fig.7 ). We can compute the complexity of the cycle C and the contracted cycle C.uv to find the number of spanning trees in the graph N, and we can also consider each cycle as a tree to find the complexity of N. 
Proof. Let N be a planar graph with a separation pair {u, v} composed of n cycles of length k 1 , k 2 , ..., k n respectively. we can consider each part of cycle as a tree then from the Theorem 4 we can find the recursive function that count the complexity of N.
Mesh graph with a separation pair
A mesh graph with a separation pair is composed of n subgraphs, each one can be connected to the others through the cut vertices u and v (see The mesh graph M n is the result of the contraction of n submeshs of type G through there cut vertices u and v such that dist G (u, v) = 2 and M n is the result of the contraction of n submeshs of type G such that dist G (u, v) = 1 (see Fig. 13 and Fig. 14) . Let G and G be the planar graphs illustrated in Fig. 14, u and v two distinct vertices of G and G . The number of spanning trees in G and G is given by τ (G) = τ (G ) = 360. The graph G can be decomposed into two subgraphs G 1 and G 2 that have a common edge e, then we use the following formula to count the complexity of G, τ (G) = τ (G 1 )τ (G 2 ) − τ (G 1 − e)τ (G 2 − e) [8] . Let G.uv and G .uv be the result of the contraction of u and v in the graph G and G respectively (see Fig. 14) , the complexities of G.uv and G .uv are given by τ (G.uv) = 394 and τ (G .uv) = 64. Using the Theorem 3, we can find the complexity of M n andM n . Theorem 4.5 Let M n and M n be the mesh graphs with a separation pair {u, v} (see Fig. 13 ), the complexity of M n and M n is given by τ (M n ) = 360 × n394 n−1 , τ(M n ) = 360 × n64 n−1 , n ≥ 2.
Conclusion
The study of the number of spanning trees in a graph has a long history and there has been an active research on it. In the last few decades, researchers have conceived techniques for finding the number of spanning trees, among them the contraction method. In this paper, we presented techniques to derive spanning trees recursions in contracted graphs. Then, we gave the generalization of the contraction method and its use for the planar graphs with cut vertices. Finally, making use our results, we investigated the complexity of some graphs such us, the tree graph, the cycle graph and the mesh graph with cut vertices.
